Measuring the quantum statistics of an atom laser beam 
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We propose and analyse a scheme for measuring the quadrature statistics of an atom laser beam 
using extant optical homodyning and Raman atom laser techniques. Reversal of the normal Raman 
atom laser outcoupling scheme is used to map the quantum statistics of an incoupled beam to an 
optical probe beam. A multimode model of the spatial propagation dynamics shows that the Raman 
incoupler gives a clear signal of de Broglie wave quadrature squeezing for both pulsed and continuous 
inputs. Finally, we show that experimental realisations of the scheme may be tested with existing 
methods via measurements of Glauber's intensity correlation function. 
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Quantum- Atom Optics 0, 0, > the study of quantum 
properties of matter waves, is a rapidly developing sub- 
field of ultra-cold atomic physics. Recent experimental 
progress includes measurements of intensity correlations 
of noncondensed 20 Ne Q, Hanbury Brown- Twiss corre- 
lations , fermion pairing correlations Q, spatial cor- 
relations of density fluctuations and sub-Poissonian 
number fluctuations 0- Despite the advances in cold 
atom detection techniques which have made such mea- 
surements possible, information available from intensity 
correlation experiments is restricted to correlation func- 
tions of the Glauber type |lfj | . As is well known in quan- 
tum optics, probing quantum states generated by nonlin- 
ear interactions requires controllable phase-sensitive de- 
tection techniques. Optical quadrature variances, anal- 
ogous to the quantum uncertainties of momentum and 
position of a particle, are measured via homodyne detec- 
tion [HI [T3 | . This technique has been used to demon- 
strate optical squeezing 1 1 3L 1 1 41 . the Einstein-Podolsky- 
Rosen paradox for photons |lj| , and continuous variable 
teleportation |lfij | , and is central to quantum information 
science Although interference [J^, intensity cor- 

relation and tomographic measurements |l9j have been 
performed with bosonic matter waves, a practical scheme 
to realise matter wave homodyne detection has not yet 
been demonstrated. 

Proposed methods for producing matter waves in 
highly non-classical states include utilising the nonlinear 
atomic interactions to create correlated pairs of atoms 
via either molecular down conversion |20j , spin exchange 
collisions [2ll , or by transferring the quantum state 
of a non-classical electromagnetic field to a propagating 
atomic field [U 0, H3- I n some of these schemes it 
has been demonstrated that continuous variable entan- 
glement can be generated between spatially separated 
atomic beams l2fj|. \2,m or between an atomic beam and 
an optical beam |2|j which can be used to perform tests 
of quantum non- locality with massive particles. Quadra- 
ture measurements on free atomic fields will be necessary 
to observe these effects and although schemes for atomic 
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FIG. 1: Schematic of a Raman atom laser incoupler. 

(a) A-configuration of three level atoms. An untrapped beam 
of |2) atoms is coupled to a trapped state |1) via a Raman 
transition. The two optical fields are a weak probe beam 
(annihilation operator E(x,t)), and a control beam (Q(x,t)), 
modelled by a classical field. The transition is detuned from 
the intermediate state by A. Wide lines represent highly oc- 
cupied states, (b) Spatial configuration of the Raman atom 
laser system. Beam atoms (field operator tl>2(x,t)) reach the 
condensate (ij)i(x,t)) with momentum 2hko, which is trans- 
ferred during incoupling by absorption and emission of a light 
quanta with momenta =p?ifco along the propagation axis. 

homodyne measurements have been proposed these are 
confined to trapped BEC [HHHl^. 

In this Letter we propose a scheme for dynamically 
transferring quantum information from a propagating 
atom laser beam to an optical beam, allowing indirect 
measurement of de Broglie wave quadrature variances via 
optical homodyning. By analogy with optical quadra- 
tures, X(8) = ac~ tB + a^e 10 , we may use atomic field op- 
erators to define atomic quadratures |2fl | , and the scheme 
which we analyse here is designed to measure the quadra- 
tures of a propagating atomic beam. It involves a re- 
versal of the successful Raman atom laser output cou- 
pling scheme [iffll l3l| , a variant of which has previously 
been proposed as a mechanism for transferring states 
of a nonclassical optical field to the outgoing atomic 
beam 

0[ilE3. 

As we will show, a two-photon Raman 
transition allows the atom laser beam to be incoupled 0| 
to a large trapped condensate, with highly efficient trans- 
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fer of the atomic statistics to an outgoing optical field. 

The scheme (Fig. ^) consists of a trapped condensate 
and an incoming atom laser beam of the same atomic 
species. The internal state Raman energy level con- 
figuration allows for stimulated transitions between the 
trapped and untrapped fields. These transitions are stim- 
ulated by two optical fields, one of which is intense (con- 
trol) and denoted by its Rabi frequency Cl(x, t), while 
the other is much weaker (probe) and denoted by the 
field operator E{x,t). We perform our analysis using 
a one-dimensional model, described by the Hamiltonian 

T~t = Watom + Wint + flight , with 
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where H\ 



+ Vi(x), H 2 = + V 2 (x), 



H3 = — ^ UjJ ° ^ / 3( a; )' m i s the atomic mass, 
and the Vj represent both linear (trapping for ip\) and 
nonlinear (scattering) potentials. The optical control 
field is Cl{x,t) = ft 23e *(fcoz-( Wo -A) f ) where q 23 is the 

Rabi frequency for the |2) — > |3) transition, ipi (x), 
^2 (x), ip3(x) and E{x) are the annihilation operators 
for the condensate mode (internal state |1)), signal 
beam (|2)), excited state atoms (|3)), and probe beam 
photons respectively, satisfying the usual bosonic com- 
mutation relations, [ipi(x),ipj(x')] = SijS(x — x') and 
[E(x), E'(x')] = 5(x — x'). The coupling coefficient is 
.913 = (di3/h)y /, hiUk/2eo, where di3 is the electric dipole 
moment for the |1) — ► \2) transition. We neglect inter- 
atomic interactions on the basis that the atomic beam 
is dilute and the process will take place over a time 
short enough that any phase diffusion effects will be 
minimal. We now introduce the rotating frame fields 
^(x) = V3 3 (x)e l ^«- A )* and E{x) = E(x)e i ^°- A ^ t and 
adiabatically eliminate the weakly occupied intermediate 
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We approximate the highly occupied condensate as a co 
herent state, ipi(x,t) = <f>(x,t) = {ipi(x,t)}, while allow- 
ing the occupation and the spatial shape to change. To 
simplify notation we set i\) 2 = t/> to arrive at the equations 
of motion 
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FIG. 2: Incoupling an atom laser pulse, (a) A squeezed 
atomic pulse (4dB in the A" + -quadrature, dashed line) of 
no = 5 x 10 3 atoms initially centered at x = — 600/im, with 
momentum wavevector 2feo, is coupled into the condensate 
(chain line). The probe field (solid line) has peak intensity 
occurring at t — 54ms shown here, which is when the max- 
imum of the pulse is centred on the condensate. The atom 
pulse and optical probe are magnified by factors of 1000 and 
1000 x mc/2hka to plot them on the condensate scale, (b) 
Time development of the probe quadratures. A value of less 
than one demonstrates quadrature squeezing and the chain 
lines give the atomic variances. 

l0WI 2 (5i3) 2 /A + A- Wo , ff = -Wl/2m + V x {x)/h- 
(E^x)E(x))(gj^ 2 /A, and n c (x) = ^(x)Q.* 23 g 13 / A. As 
shown in Ref . [32j , equations of this type can be efficiently 
solved to give all relevant observables. 

We now define mode matched quadratures [2cl | which 
characterise the probe light and the atomic signal. 
We define a mode of the atomic (y = ip) or op- 
tical (y — E) field L v (x,t), and the operators 
a v = dx L*(x,t)0(x,t), with the normalisation 

dx L* v {x,t)L v (x,t) = 1, satisfying [o v ,o;,] = 5 VV > . 
The mode matched quadratures A"+ = a v + at, X~ = 



0X Mx) - S£E(x)Mx)- i( S t _ a„) have commutator [X+, X~,\ = 2i<W, and un- 



iip{x) = 


H a i>(x) - 


n c (x)e-' koX E(x) (4) 


iE(x) = 


H b E(x) - 


n* c (x)e lkoX ^(x). (5) 


i<j){x) = 


H^(x) - 


9^^(E\x)i>{x)) (6) 


l H a = 


~hdl/2m 


- |tt 23 |7A, H b = -icd x - 



certainty relation V(X+)V(X~) > 1. 

We firstly consider an amplitude squeezed atomic pulse 
propagating into the interaction region, with a weak op- 
tical probe field (linear intensity 1.9 x 10~ 7 m~ 1 ) inci- 
dent on the condensate. This defines the transverse mode 
of the emitted probe photons. The atomic, pump, and 
probe wavevectors are 2fco, — ko, fco respectively, with 
ka = 8 x 10 6 m _1 , giving an atom laser beam velocity 
of v at om = 1-1 cms" 1 . The input pulse L^{x, 0) is a 
Gaussian of width a x = 100/ito containing no = 5 x 10 3 
atoms. We use = 10 6 condensate atoms, trapped 
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FIG. 3: Incoupling a continuous atom laser beam, (a) A 

snapshot of the atomic beam (dashed line), condensate (chain 
line) and probe (solid line) during incoupling. (b) The devel- 
opment of the optical quadratures (solid lines) as the front 
of the atom laser beam crosses the interaction region. The 
zero of the time axis is arbitrary. The chain lines show the 
variances of the 4dB squeezed atomic beam. 

with frequency uj t = 5 Hz. In all cases we operate at 
the optimal efficiency point for the signal so that the 
ratio of the condensate width to the mean beam veloc- 
ity is tuned to one quarter of a Rabi cycle. TR a bi ~ 
4y/ h/ mu>t {m 1 2hkQ ) j2fj. The input atom laser pulse is 
modelled as an A"^-squeezed minimum uncertainty state 
with V(X^) = e T ' 2r . The field intensities are shown 
in Fig. |21 (a) when the pulse is almost half incouplcd. 
When the probe is initially in the vacuum state there is 
no outcoupling and the incoupling is almost perfectly effi- 
cient. In the presence of a continuous weak probe (shown 
here) some outcoupling also occurs. The probe quadra- 
ture variances for the same system are plotted in Fig. [21 
(b). The incident probe light and the outcoupling dy- 



namics have a negligible effect on the quadrature signal 
when compared with the vacuum probe case (identical 
on this scale) . The squeezing of the input pulse is trans- 
mitted to the probe, allowing the quadrature statistics 
of the atom laser to be read out via optical homodyne 
detection of the probe light. This results demonstrates a 
limitation of pulsed dynamics: the squeezed quadrature 
of the probe shows less squeezing than the input atomic 
pulse. While the effect is not always large, it is signifi- 
cant for the chosen scenario because the spatial extent of 
the squeezed pulse is much larger than the condensate. 
The signal degrades because different parts of the same 
atomic wavepacket are subject to different Rabi frequen- 
cies whilst travelling across the interaction region. 

For continuous, essentially monochromatic, squeezed 
atom laser input |32( the spatial effects are removed and 
the scheme efficiently maps the physical variances of the 
beam to the probe. Fig. shows the Raman incoupling 
dynamics. The system now consists of a squeezed atom 
laser beam in a nearly monochromatic state (wavevector 
2ko) which enters from the left. The atoms are incouplcd 
via the reversed Raman scheme, emitting probe photons. 
Once the front of the beam crosses the interaction re- 
gion the system is approximately in a steady state (ex- 
cept for the gradual transfer of atoms into the trapped 
condensate), with a constant probe output. We see that 
the quadrature variances of the emitted probe light reach 
steady state values very close to the atom laser variances. 

We now show analytically that the local g^ can be ex- 
tracted from the probe field with high efficiency. In fact 
we derive a more general result relating g v (x, x, t) = 
(v<(x,t)tf ' (x,t)v(x,t)C'(x,t)) I ' (v^ (x,t)i)(x,t)) 2 to the ini- 
tial state of the atom laser beam and the probe field. 
Since the system is linear we may introduce a linear 
ansatz for the field operators i>(x,t) = /„(:r,i)do + 
h v (x,t)bo where the evolution of f v ,h v gives the field 
time development and the initial states are given by the 
single-mode bosonic operators do (atoms) and So [HI]. 
For the systems we consider one of (bo) or (do) is zero, 
and the atom laser beam and optical probe are initially 
uncorrelated. We immediately find 
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where the field density (v[x,t)v(x,t)) is non-zero. The 
case of special interest here is when the optical probe is 
initially in the vacuum state so that h„(x, t) = h v (x, 0) 
and gi, (x,x,t) = (dodododo) / (d^do) 2 , where defined. 

(2) 

This demonstrates that g\ (x, x, t) is mapped to the 
emitted probe light. Since this correlation can be directly 
measured using existing techniques [i| this provides an 



experimental consistency check. 

Apart from the stability of the lasers used, the 
main sources of possible signal degradation are spon- 
taneous emission losses and phase noise due to atomic 
collisions. We will firstly look at spontaneous emis- 
sion from the excited atomic level. The loss rate 
can be estimated from the spontaneous emission rate 
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for a transition with energy ojq = k$c radiating 
into a continuum, 7 sp = A;q |di3 | 2 /37r?ieo. The to- 
tal spontaneous loss during the incoupling is then 
^sp = 7sp / dx J dt ( , ip^(x,t)'ips(x,t)). Using the adi- 
abatically eliminated expression for the excited state 
$l(x,t)$3(x,t)) « $l(x,t)Mx,t))(n 23 /A) 2 , and the 
fact that each excited atom on average remains excited 
for time T Rab i/4, we have L sp < 7spiV 3 T Rab i/4, where 
JV3 is the total number of excited state atoms trans- 
ferred per squeezed mode. For the incoupling process 
to remain coherent, we require L ap /N2 <C 1, and upon 
integration over the entire input pulse for our parame- 
ters we find L sp /N2 ~ 0.04. We can now estimate the 
effect on the signal phenomcnologically using a beam 
splitter which mixes the signal and vacuum with reflec- 
tivity r) (« 0.04 here). The probe variances then become 
V(Jt^) = (1 - rj)V{Xi) + 77, acceptable for small 77. 

The effect of atomic collisions will be greatest within 
the trapped condensate, but as we are transferring the 
statistics of the input field to the probe light, these will 
have little effect. The collisions between the incoming 
and the trapped atoms will have two undesired effects. 
Firstly, there will be a mean-field effect which will tend 
to rotate the quadrature phases. This can be compen- 
sated for during the homodyne measurement stage. The 
second effect will be that of phase-diffusion of the beam, 
which to a first approximation will cause an increase in 
the variance of the phase quadrature. As the interaction 
time over which this can happen may be kept short, this 
should also not be a fatal drawback. Another issue which 
will arise is that the probe beam will be emitted into a 
narrow cone rather than as a well collimated beam. This 
can be simply overcome using linear optical elements. Fi- 
nally, treating the BEC as a coherent state assumes that 
the atom laser beam and the BEC are phase correlated. 
One way this can be achieved is by dividing a larger BEC 
into two; the beam extracted from the first BEC will then 
be phase correlated with the second BEC used for Raman 
incoupling. 

We have shown that a Raman incoupler scheme may be 
used as a means to measure the quantum statistics of an 
atom laser by transferring quadrature variances to an op- 
tical probe on which standard homodyne measurements 
may be made. Experimental realisation of our proposal 
would allow access to new quantum features of matter 
fields, including demonstrations of squeezing, entangle- 
ment between atomic beams, atom-light entanglement, 
the EPR paradox with matter waves. 
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